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Abstract

This paper deals with the estimation of a survival curve in models with ran-
dom right censoring and dependent censoring mechanism. We consider a specific
dependent censorship model in which conditional on a covariate, the survival
and censoring times are assumed to be independent. We investigate asymp-
totic properties of a corrected version of a survival curve estimator introduced
by Cheng (1989). In particular we show uniform strong consistency and weak
convergence to a Gaussian process. Comparisons of this estimator with the well-
known Kaplan-Meier-estimator are included. Finally, some examples illustrate
how the estimator performs.
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1 Introduction

In reliability and survival analysis one is often faced with censored lifetime data, i.e.
with only partially observable lifetimes. We consider the following well-known model
for randomly right censored data.

Let (T,U), (T1,U4), ..., (T, U,) be independent pairs of positive random variables
where T} represents the lifetime (failure time) and U; the censoring time of the j-th
object under study. In a model of right random censoring the observations consist of
the pairs:

(Xj,éj), jzl,...,n,



where X; = min(7},U;) and 6; = I(T; < Uj) is an indicator showing whether X; is
the failure (0, = 1) or the censoring time (§; = 0). Further let F' and G denote the
distribution functions of the lifetime 7" and of the censoring variable U, respectively.
Here and in the following for any distribution function G' we denote by G the survival
or tail function G(-) = 1 — G(-).

In a model with random right censoring the problem of interest is the estimation of
the survival function

1—F(t)=F(t)=P(T > t).

o= [

uniquely determines the distribution by the relation

F(t) = exp{=A°()} [ [(1 = AA(s)) (1)

s<t

The cumulative hazard function

for all ¢ such that A(t) < oo, where AA(s) = A(s) — A(s—) is the jump height at time
s and A°(t) = A(t) — >, AA(s) is the continuous part of A. Therefore, an estimator
for F(t) can be derived from an estimator for A(t).

Under the assumption that 7" and U are independent, the well-known nonparametric
survival curve estimator introduced by Kaplan and Meier (1958) has the property of
uniform strong consistency for F' on the support of the distribution of X = T AU (see
among others Stute and Wang (1993), Chen and Lo (1997) and the cited literature).
This KM-estimator or Product-Limit estimator, is defined by:

~KM 5z
Rlo= T (-70).

lX(z) <t

where X(;) < ... < X, are the order statistics of X, ..., X,, and d(;) is the censoring
indicator corresponding to X(;). However, the assumption of an independent censoring
mechanism, often referred to as non-informative censoring, is not always justified. In
some cases the censoring variable U or its distribution G carries information about the
lifetime (distribution). Such an informative censoring can, for instance, be described
by the function m(z) = P(6 = 1|X = x). Dikta (1998) assumes that 7" and U are
independent and that m belongs to a parametric class of functions. Then m relates



the distributions G and F' to each other so that the observation of a censoring time
contributes directly to the estimation of F. If especially m is a constant, then we arrive
at the Koziol-Green model in which the survival function G is a power of the survival
function F of the lifetimes, i.e.

Gt)=F(t)’,t>0

for some fixed, unknown constant 3 > 0. This latter model has been reviewed by Csorgo
(1988) and Csorgé and Faraway (1998) and generalized by Gather and Pawlitschko
(1998). Testing for the Gather-Pawlitschko model was considered by Csorgo (1998).
As to be expected estimators under these types of informative censoring outperform
the KM-estimator.

In some cases it is not reasonable to assume independence between the censoring
variable U and the lifetime 7. There may be dependencies due to a covariate Z. For
instance, in a competing-risk problem, where some technical system fails due to one
or more competing causes, one only observes the time to failure of the system and the
corresponding failure mode. If a system with two failure modes A and B fails due to
cause A, then the failure time of mode B is randomly censored and vice versa. Since
the failure times due to both modes are affected by the same stress and operating
environment described by a covariate, it is likely that the failure times are positively
correlated. In clinical studies the survival and censoring times can be affected by a set
of patient’s covariates as age, blood pressure, cholesterol,....

In the model to be considered here we assume that the survival time 7" and the cen-
soring time U are conditionally independent given a covariate Z. This model has been
investigated, among others, by Beran (1981), Dabrowska (1987) and Cheng (1989).
The aim of this paper is to present a corrected version of Cheng’s estimator of the
survival curve and to investigate its asymptotic properties. We make no further as-
sumptions about the specific influence of the covariate. It turns out the even in cases
when the KM-estimator is consistent the proposed estimator can perform better than
the KM-estimator with respect to the asymptotic variance.

In the following set 7 = inf{t € R, : H(t) = 0} for H(t) = P(X < t). It is well
known that the KM-estimator may fail to be consistent for F(¢) in s1tuat10ns in which
T and U are dependent. Based on the observations (Xj,0,),j = 1,..,n, the following
subdistribution functions

Fi(t) =PI <t,0;=1), Go(t)=PU; <t,6;=0)
can consistently be estimated, and therefore

H(t) = P(X; <t)=Fi(t)+ Go(t),
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too. It is known that H(t) and the subdistributions F}(¢) and Gy(t) do not uniquely
determine F'(t) (see Langberg et al. (1978)). In addition, these authors showed that
under the assumption that the discontinuities of Fi(¢) and Gy(t) are disjoint on the
interval [0, 7), the KM-estimator in fact consistently estimates the survival function

C(t) = exp { — ifgﬁ; XH(1_§£S”;) teo,r). @)

Using a result of Williams and Lagakos (1977) or by a direct comparison with (1),
it can be shown that the survival function C(t) equals F(t) under the constant sum
condition

dA(t) — C_lF(t) — C{Fl(t),
Ft=)  H(t-)
which is fulfilled, in particular, if the survival and censoring times are independent.
Models in which this condition fails to hold are called variable sum models.

2 The Model

The chosen approach, introduced by Beran (1981) and further developed by Dabrowska
(1987) and Cheng (1989), considers in addition to the variables 7" and U of interest an
accompanying covariate Z. The survival time 7" and the censoring time U are supposed
to be conditionally independent given this covariate Z. In the following we present this
general set-up following the lines of Cheng (1989).

We assume that the unknown distribution function £ of the lifetime 7" is absolutely
continuous with density f. The variables 7" and U are supposed to be conditionally
independent given a covariate Z. For ease of notation we restrict ourselves to a uni-
variate random variable Z; all results with obvious slight modifications can be carried
over to the case of a p-dimensional random vector Z. The absolutely continuous dis-
tribution function of Z is denoted by R. Thus, the observable data is of the form
(Xj,(Sj,Zj), jzl,...,n, with

X =min(1},U;), 6;=1(T; <Uj).

The aim is to estimate the underlying survival function F based on the random sample
(Xj,éj,Zj), j = 1, <, N
The starting point here is the conditional cumulative hazard function at time point

t given Z = z:
b dF
Al = [ AL
o Fu—1z)
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where F'(u|z) = P(T < u|Z = z). Under the conditional independence assumption
A(t]z) and

¢
/G(u—|z)dF(u|z):P(th,(5:1|Z:z), t>0
0

are identifiable, where G(ulz) = P(U < u|Z = z). With r(-) denoting the density
function of the distribution of Z, A(t|z) can be expanded as follows:

[P r(2)G(u— |2)dF (ulz) (" dA(u;z2)
A(t|z)—/0 ) /0

B(u;z)

r(2)G(u— |2)F(u—|2)

Here A(u;2) = r(2)P(X < u,6 =1|Z = z) and B(u;2) = r(2)P(X > u|Z = z). The
self suggesting idea now is to estimate A and B by their empirical counterparts A,, and
B,, using appropriate kernel estimators:

1 n
i=1

1 n
B,(u;2) = EZI(Xizu)K,,(,z,Zi),
=1

where Ky(u,v) = ;K (%%) with a kernel function K and bandwidth b = b,, tending to

0 as n — oo. As a result we get the following estimators for the conditional cumulative

hazard functions L a (u:2)
w2z

A, (t2) = L St R 3

= [ T g

and for the conditional survival functions F'(t|2)
Fo(t]z) = exp {—A,(t]2)}.

To show uniform strong consistency of A, (t|z) and F,(t|z) the following condition is
needed (see Cheng (1989), Dabrowska (1989) and Rosenblatt (1971)):

Condition 1

1.1 The kernel function K is bounded and Lipschitz continuous of order 1 with respect
to the Euclidean distance on R.

1.2 [K(z)dz =1, [2K(2)dz =0 and [ 2*|K(2)|dz < c0.

1.3 The bandwidth sequence b = b, fulfills: b — 0 and 2% — 0 (n — o).

nb
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1.4 The partial derivatives, with respect to ¢, of F(t|z) and G(t|z) exist and are
continuous in ¢ for each z.

1.5 The functions r(z), F(t|z) and G(t|z) have bounded continuous first and second
partial derivatives with respect to z.

1.6 For any closed interval [a,d] C Ry, there exist constants p,d(¢) > 0 such that
P(X > p|Z =2)>6(e), Vz€la,d] with r(2) > €, € > 0 arbitrarily small.

Note that the last part of this condition implies that
P(X>p)25/ P(X > p|Z = z)dz > 0.
zir(z)>e

Cheng (1989) showed that Condition 1 ensures asymptotic unbiasedness of A, and B,
and uniform strong consistency of A, (t|z) and F,,(¢|z) in the following sense

ogn /2
sup sup |An(t]z) — A(t]2)] = 0(b2)+0<<lngb> ) a.5. (4)

0<t<7*2€[a,d]

og N 1/2
sup sup |Fu(t|2) — F(t|2)| = O(b2)+0<<1 & ) ) a.5. (5)

0<t<r* 2€fa,d] nb

over a rectangle of the form [0, 7*] X [a, d] , where a,d € R with a < d and 7* € (0, 7).

Remark 1 Under the additional assumptions that Y b5 < oo for some & > 0 and
nb> — 0, Dabrowska (1989) showed strong uniform consistency at a rate O(y/ %)

The choice of b, = n=* demands that for strong uniform consistency % <a<l1. For
all such permissible values of « this results in a better rate of convergence than the rate
stated above.

2.1 Asymptotic Behaviour of an Estimator of the Survival
Function

Denoting R, the empirical distribution function based on the sample (7, ..., 7,) of
covariates, Cheng (1989) used

Ralt) = / A (t]2)dR,(2)
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as an estimator for the cumulative hazard function A(?) and consequently F.t) =
exp{—A,(t)} as an estimate of F'(t). We show that A, (f) in fact estimates an upper

bound of A(¢) and therefore, A,(t) and F,(t) are not consistent in general. In this
section we introduce a modified (corrected) version of the estimator proposed by Cheng
and investigate its asymptotic properties.

Define the convex function g(z) = —In(1 — z), 0 <z < 1. Then we obtain:

Alt) = ( ( ) g(Ef(T <t)) = g(BE[(T < 1)|Z])

IN
E =
I/\

/—\
v
/—\
\—/v

Recall that we assumed that F' is absolutely continuous. This inequality shows that
Cheng’s considerations deal with upper bound estimators for the true unconditional
cumulative hazard function. As a direct consequence the proposed estimator for the

survival curve F,(t) = exp{—A,(t)} is an estimator of a lower bound of F(t). Cheng
(1989) showed, as the main result of his paper, weak convergence of the process
V(A (t) — [ A(t]z)dR(z)) to a centered Gaussian process (¢ € [0, 7*]).

Starting with F},(t|2), as proposed by Cheng, we define the modified estimator

Fot) = /exp(—An(t|z))an(z) :/Fn(t|z)an(z),

which we will call C'I M-estimator (Conditional Independence Model) in the following.

We will show that F,(¢) is a consistent estimator for the unconditional survival function
F(t).

Theorem 1 Under C’ondmon 1 F (t) is a uniformly strongly consistent estimator for
F(t) on [0,7), i.e. sup |F() F(t)] = 0 as n — oo, a.s.
0<

Proof. We will use the following decomposition of ]%n(t) — F(t) :

Fo(t) - F(t) = / Fo(t2)dR, (2) — / F(t]2)dR(z)
= [ (Btl2) - Fl2)) dRa(a) + [ Flelo)d (Ba(2) - R(2)
Co+ D



If the distribution of Z has a bounded support covered by [a, d], then (5) ensures that

_ _ 1
C,| < sup |E,(t]z) — F(t]2)] = O0?) + O(4] 2~
2€[a,d] nb

)- (6)

Otherwise, we split C,, into two integrals fad—i— f doo. For the second integral we can

choose d large enough such that for a given £ > 0 the term |C’7(L2)|, given by

) =

[ ()~ Pl am o

1 — _
<2=Y I(Z;>d) — 2R(d),
<2, 17 > d) = 2R(d)

can be bounded by ¢ a.s. for all sufficiently large n. For the first term we may again
apply (6) yielding |C,,| — 0 a.s.
D,, can be rewritten as

/ F(2)d (Ra(z) = R(:)) = = S F(1120) = (o).

The SLLN ensures |D,| — 0 as n — oo, a.s.

Since F,(t) and F(t) are monotone functions, pointwise convergence can be carried
over to uniform convergence on [0,7*] V7* < 7 (cf. Shorack and Wellner (1986), p.
96). Since F'is bounded, this extends to uniform convergence on [0, 7). |

~

To extend this result the common way is to represent the difference D, (t) = F,(t)—F(t)
as a sum of i.i.d. random variables and a remainder term similar to Lo and Singh (1986),
Csorgo (1996) or Gather and Pawlitschko (1998).

Proposition 2 Let the distribution of Z be concentrated on a finite interval [a,d] and
define M(t, z) = F(t|z) — F'(t). Then under Condition 1

1 n
Dy(t) =~ S OM(t, Z) +Va(t), 0<t<T,
=1

where for any ™ € (0, 7) with probability one

logn

sup |Va(t)] = O(b") + O(

0<t<T* nb )



Proof. Consider the following decomposition of D,,(t):

with

Combining the results of these three cases proves the assertion.

Dn(t) = DIV (t) + DY (t) + DY (¢) (7)

D) = / (Fu(t]z) — F(t)2))dR(2),
DR = [ Pl - R,
Do) = / (Fu(t]2) — F(t]2))d [Ru(z) — R(2)].

Fu(tlz) = F(tlz) = F
= F
P

Using (5) it follows for n — oo:

sup sup |F(t2)An(t2)] = O0?) + O( ).
0<t<7*2€]a,d] nb
This yields
|
sup [DI ()] = O(?) + O/ =22,

0<t<r* nb

. The second term D" (t) is:

D) = /F’(t|z)an(z) _F(t) = %ZH:M(t, 7).

Using uniform strong convergence of F,,(t|2) to F(t|z), the dominated convergence
theorem and noting that R,(z) and R(z) are bounded monotone functions, it

follows that fo’) (t) converges to zero uniformly with probability one at the rate
O(b?) + O(y/'8m).

nb




Investigating the first part Dy(ll)(t) of the decomposition of D, () in the proof of Propo-
sition 2 carefully allows to separate a further additive term yielding

n

1 -
i=1

where for ¢,z,2 > 0,0 € {0,1}

o[ 1@ wdrls) I <ti=1)
L(t,z,x,0) = F(t|2) O/C_?(U|Z)F2(U|Z) F(z|2)G (z]2)

We omit a detailed derivation of this result here (compare the proof of Theorem 3)
since we do not gain a better rate of convergence of the remainder V,,(¢) compared to
that in Proposition 2. Unfortunately this rate of convergence is not good enough to

(8)

investigate the rate of strong uniform consistency of the estimator F,,(t) or to establish
weak convergence. So this has to be carried out via alternative methods, for which we
make use of the following condition.

Condition 2

2.1 <F2 ) / = U|Z);|2Z(3L|Z)> <oo Vte o).

logn

NG

2.2 Vb — 0,

— 0 (n — o0).

To prove a weak convergence result for the C'IM-estimator F,,(t), we have to show
weak convergence of the process:

Wa(t) = v/ (/ Fo(t2)dR, (=) — F(t)>

on the space D[0, 7*] of right continuous functions on [0, 7*] with finite left-hand limits
(cadlag functions) equipped with the Skorohod topology. We note that the recent best
weak-convergence results of Csorgo (1996) for the KM-estimator allow data intervals
increasing to [0, 7]. Our technique restrict us to a fixed interval [0, 7*] and thus leaves
the question of corresponding extensions open.
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Theorem 3 Under Conditions 1 and 2 the process (W, (t)),t € Ry, converges weakly
on D0, 7*] for 0 < 7% < 7 to a mean zero Gaussian process W = (W(t)),t € Ry, with
covariance function (0 < s <t < 7*):

Cov (W(s), W(t)) = E (F(s|Z)F(t|Z) [/0 G(u‘g)(;'f(i'z) + 1]) ~F(s)F(t). (9)

Proof. The proof uses similar methods as presented in Cheng (1989) and will be given
in 3 steps.

1. We use the same decomPos1t1on as 1n the proof of Proposition 2:
W, = Wi + % where W,\" \/_Dn,z—123 and

D) = / (Fu(t]z) — F(t]2))dR(2),
D0 = [ Pl - R,
Do) = / (Fu(t]2) — F(t]2))d [Ra(z) — R(2).

For the term Wél)(t) we recall from the proof of Proposition 2 that

Fu(t|z) = F(t]z) = F(tl2)An(t]2) (o(1) = 1)

where A, (t|z) = A,(t|z) — A(t]z). So the asymptotic distribution properties of
WAV coincide with those of

/2 / F(t]2) A ()2)dR(2).

Here we can directly use (3.6) in Cheng (1989) to see that uniformly on [0, 7],

W) = %Zlﬁ(ﬂzi) I (Xi;zgifg()“i)—f ();(S;(SZ): Dz

+0(n*?p?)
in probability for n — oo.

11



Wi ( )= f Yoo 1( [ (t|Z;) — F(t)) is a sum of i.i.d. random variables with zero
mean E(F(t|Z) — F(t)) = 0. Therefore the CLT applies to yield joint asymptotic
normality for all finite dimensional marginals.

WP (t) converges to zero in probability for each fixed ¢ € [0,7*] : Tightness of
the probability measures associated with the process p,(z) = v/n[R,(z) — R(z)]
is well known (Billingsley (1968), Theorem 16.4) and the uniform strong conver-
gence of F,,(t|z) to F(t|z) on finite intervals [a, d] follows from (5). This yields,

following Cheng (1989) that AR (t) L0 asn — oo

. The conclusion from these considerations concerning WY (t) is that the asymp-
totic distribution of W, (t) is that of

* 1 -
W, (t) = i > (Lilt) + M;(t)),
i=1
where L;(t) = L(t, Z;, X;, 0;) and M;(t) = M(t, Z;) are defined as before in Propo-
sition 2 and (8). To determine the covariance structure of W (t) we notice after
some straightforward calculations that for 0 < s <t < 7*:
and
F(ulZ;)

G( u|Z VE2(ulZ;) |’

ELi(s)Li(t) = E | F(s|Z))F(t|Z;)

where the latter result can either be achieved by direct computation or by using
Proposition 2.3 of Dabrowska (1987). Furthermore, we have EM;(s)M;(t) =
EF(s|Z;)F(t|Z;) — F(s)F(t). By means of the CLT this shows that the finite
dimensional marginal distributions of W (t) are asymptotically normal with zero
mean and covariance function specified by (9).

. It remains to show tightness for the sequence of distributions associated with
the random functions W (¢). For this we will use condition (15.21) of Billingsley
(1968). We have to establish that for 0 < t; < ¢t <ty < 7%, n > 1, and a
non-decreasing, continuous function (), the following inequality holds:

E (|W,(t) - W (t1)[? [Wa(tz) — Wn(t)|2) < [Q(t) — Q(t)].

12



This amounts to showing that such an upper bound applies to
=g (L) ()

and

with

Ly = Li(t) — Li(t), My = M;(t) — M;(t1)

For the term Ay this can directly be deduced from (3.9) in Cheng (1989). For
the term Ay we can write Ay = E (n(M(t) — M(t))*(M(t2) — M(t))?) with
M(t) = £3"  M;(t). Following the argumentation of Lo and Singh (1985)
and noting that the random variables M;(t) are bounded uniformly in [0, 7*]
with EM;(t) = 0 and known covariance structure (see above) it follows that
for all s,t € [0, 7], Var(M;(s) — Mi(t)) < |Qu(s) — Qu(t)] for a continuous
non-decreasing function @),,. This leads to

3E(My(t) — My(t1))* E(Mi(ta) — Mq(t))”
3(Qu(tz) — Qu(tr))?,

which completes the proof. [ |

2.2 Confidence Bounds for the Survival Curve

With the results from Theorem 3 we are now able to derive pointwise confidence inter-
vals for F'(t). Using a consistent estimator v, (t) for the asymptotic variance

v(t) = [F2 12) < = Uj“; ;'fum)] + Var(F(t|2))

of the process W we obtain pointwise two-sided asymptotic confidence intervals for
F(t) to the level (1 —«),0 < v < 1:

13



~

Fot) & 4/ 220

Rl—a/2)

with z;_o/2 the (I — a/2)-quantile of the N(0,1)-distribution. Using the plug-in-
technique, a consistent estimator v, (t) of v(t) can be found to be

n

5a(0) = %Z F? (tlZi)rnéZ;();Ef(Z:)g Lo=1) % Z (Fn(t|Zi) - T(ﬂz))g,

= %Z | Ku(2, Z;) is the usual kernel density estimator for r(z) and
F.(t|1Z) = Z (t|Z ). If the covariate Z is degenerate, i.e. a constant, then v(¢)
2

reduces to I fo G , the well known asymptotic variance of the Kaplan-Meier
estimator (cf. Breslow and Crowley (1974)).

where 7,(2)
1

2.3 Estimation with Discrete Covariates

A covariate with an absolutely continuous distribution needs density estimation with
kernel smoothing. Less expenditure is necessary if the covariate takes only finitely many
values, say 1,...,m, as often applies in practice, e.g. in cases where covariates such as
sex, type of treatment, ... are involved. For such discrete covariates the classical
KM-estimator within each class {Z = k},k = 1,...,m, can be used to estimate the
underlying law of F, which can be expressed as

=N " F(HZ = k)
k=1

with weights p, = P(Z = k). The obvious idea is to use KM-estimates ]/:;,ffM(ﬂZ = k)
for F'(t|Z = k) in the stratified sample and to estimate the weights py by

L1y
:E;I(ZZ:

The resulting estimate

() ZkaKM t|Z = k) (10)
k=1
is uniformly strongly consistent as the following proposition shows.
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Proposition 4 In the discrete covariate model the estimator F§™(t) defined in (10) is
uniformly strongly consistent for F(t) on 0 <t < 7,7 € (0,7), where FX™(t|Z = k) is
the KM-estimate of the subsample {(Xi;, 04, Zs;) : Zi; =k, j = 1,...,me}, > iy g =
n,m < n, provided that ny tends to oo as n — oo.

Proof. From the SLLN we have that p, converges to py with probability 1. Also we
have the well known result of uniform strong consistency of Fj,"(t|Z = k) for t € [0, 7*].

This implies pointwise strong consistency of F"(t) for 0 <t < 7*, i.e.

Fiv(t) = " peFiM(HZ = 2) = F(2)
k=1

with probability 1. Since F' and Fjare decreasing functions this implies uniform
strong consistency of Fj*(t) on [0, 7*]. |

As an example we consider a model with a covariate which takes only two values; for
brevity we omit the details of the model here. Figure 1 shows the results of a simulation.
In this example the constant-sum condition fails to hold. Therefore, the crude KM-
estimator is consistent for C(¢) as defined in (2), which deviates from F(t). In addition

Figure 1 shows the two KM-estimates of the stratified sample Fr"(t|Z = k), k = 1,2
and the linear combination F'j"(t), which fits F well.

Figure 1: Estimates E_W;fM(ﬂZ =k), k=1,2---, Fg™(t) — - and FGg"(t) —-—  with
functions C'(t) — and F'(t) —.
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Finally, we remark that the asymptotic behaviour of the estimator F{**(¢) can be

investigated in more detail. It is possible to represent the difference F ;™ (t) — F(t)
as an average of ii.d. variables with an additive remainder of order O('%%). This

implies that the rate of convergence in Proposition 4 is O < bgl%) . In addition

weak convergence to a mean zero Gaussian process can be shown. For details we refer
to [10].

3 Examples and an Application

3.1 A Variable-Sum Model

For constant-sum models the KM-estimator F'5 () provides a consistent nonparamet-
ric estimate for F'(¢). In this section we will introduce a conditional Koziol-Green-type
model for which the constant-sum condition is not fulfilled. The aim of this section is to
illustrate that under this condition the introduced estimator is still consistent whereas
the crude KM-estimator deviates significantly from F(¢). In this model we define the
conditional distributions to be of a Weibull-type with common shape parameter 6 > 0
and scale parameters o, > 0. Z is assumed to be exponentially distributed with
parameter A > 0:

F(tlz) = 1—exp(—azt’)
G(tlz) = 1—exp(—pzt")
R(z) = 1—exp(—Az)

Here the covariate Z has an multiplicative effect on the failure rates of 7" and U,
respectively. The lifetime T" and censoring time U are conditional independent given
Z. Condition 2.1 is met if a > (. First we show that the constant-sum condition fails
to hold in this setting. The unconditional failure rates can be calculated as follows:

@) et
(t)_F(t) at? + A
AGCEE aft?=!
MO=H0 = axpra

This implies that A(t) > A*(t) Vt € (0,7%], «,(3,0 > 0, which shows that the
constant-sum condition is not met. As a result the KM-estimator is no longer consistent

16



Figure 2: C'IM-estimate f’n(t) —, K-M-estimate f’ffM(t) - - -, Cheng estimate

F,(t)---- and true survival curve F(t).

for F(t). A useful way to examine whether the KM-estimator provides an estimate of
an upper or lower bound of F'(¢) is to check the right-tail-increasing (RTI) condition
of Nair (1993). If this condition is fulfilled C'(¢) as defined in (2) is an upper bound
of F(t). This idea seems natural here, because A¥(t), the hazard rate related to the
KM-estimate, is strictly smaller than A(¢) and so the KM-estimate should estimate an
upper bound of F'. The RTI-condition demands that P(U > u|T > t) is non-decreasing
in ¢ for every fixed u, which is obviously fulfilled since

at? + )
PU>ullT >t) = —F——F7—7—.
( Y ) at? + fu? + A
The difference A\(t) — A\#(¢) is increasing in (3 for a,t,0, \ fixed. Since the censoring
proportion P(§ = 0) = 1— tlim Fi(t) = a%ﬂ is solely determined by « and 3, the
—00

distortion therefore gets larger with higher censoring proportion. Figures 2 and 3 show
both estimates and the residuals for n = 400, a = 2.5, =2, A = 1 and 0 = 2.
The induced theoretical censoring proportion is 44.44%, whereas the sample censoring
proportion is 43.25%. We see that the KM and Cheng estimators indeed estimate
upper and lower bounds of F' respectively, whereas the C'I M-estimator better fits the
true underlying unconditional survival function. This becomes more evident looking
at the deviations shown in Figure 3.

Finally we focus on the asymptotic variance v(t) which tends to zero (¢ — oo) for all
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Figure 3: Deviations of C'IM-estimate ﬁn(t) —, K-M-estimate ﬁfM(t) - - -
and Cheng estimate F,(t) ---- .

a > . We note that this condition is equivalent to P(0 = 0) <
this for the previous parameter constellation.

%. Figure 4 illustrates

Figure 4: Asymptotic variance v(t) with parameters a = 2.5, =2, A =1,0 = 2.
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3.2 A Constant-Sum Model

Now we will focus on the asymptotic variance of the process W and compare it with the
asymptotic variance of the KM-estimator. Since the model introduced in the previous
section seems not appropriate for this purpose (the two estimators estimate different
functions) we introduce a model where the constant-sum condition holds true. Let

F(tlz) = 1—exp(—azt’)

G(tlz) = 1—exp (-3t
R(z) = 1—exp(—Az)

with «a, 8, \,0 > 0. Here the influence of the covariate is multiplicative only on the
hazard rate of the lifetime distribution F'. Censoring is not influenced by Z. This
approach seems quite natural for many problems in survival and reliability analysis,
where some external effect has influence only on the lifetime of the object under study.
As before conditional independence of T" and U given Z is assumed what in this spe-
cific model is equivalent with the assumption that 7" and U are independent. So the
constant-sum condition is fulfilled and the failure rates A(t) and A#(t) both equal % t9 oY
As will turn out, even in this case of independence, it pays to include the covariate in
the model with respect to the asymptotic variance (see Proposition 5 below).

From (9) the asymptotic variance of the process W is given by

o(t) = <F2 t|z/GU|Z);|%Z)>+Var(F(t|Z)),

whereas we have
oK / _dF(u)
G (u)F2(u

for the KM-estimator (Breslow and Crowley (1974)). For this specific model we get:

A\ T angu ! 1
vEM () = / arru 0 du
at! + X ) Jy (au? + )2 e=Bu’( )2

au9+/\
Aa(ef — 1)
B(at? + X)?

and
)\O[2t29
(A + at?)2(\ + 2at?)

Var(F(t2)) =
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_ Bt 1 ﬁe(25t9+%)F(t)
v(t) = Var (F(112)) = A <A+at‘9 T A+ 20t a '
Here we set
['[t] = T00, k(t) + d, 2k(t) + d], (11)

with k(t) = Bt and d = 22, where T[a, 29, 21] = [ t*~Tem!dt denotes the generalized

incomplete Gamma-function. For this model it is possible to show v (t) > v(t).

Proposition 5 For all choices of parameters c, B, A\, 0 > 0 and ¥V 0 < t < 7 we have

o — ek(t) _ —« ek(t) e(2k(t)+d)
UKM(t) - U(t) = A (( ﬁ)‘)( 1) k(t) + ﬁ F[ﬂ) (12)

Bat? + \)? o
> 0,

where U[t] is defined as in (11).

Proof.
To prove the proposition we will use Jensen’s inequality in the following form (see e.g.
Klambauer (1975)):

/ (M) _ o) flgle)is
fabp(x)dﬂﬁ - fabp(x)dx ’

where f(-) is a convex function on an interval (¢p,¢;), ¢g(+) an integrable function on
[a,b] with ¢; < g(z) < cq, the function p(-) is strictly positive on [a, b] and all integrals
exist.

In view of (12) we have to show that for all o, 5, A\, >0 and V0 <t < 7%

?k(t)er™ —ala = BN () — 1) 00
[0, k(t) + d, 2k(t) + d] > (ak(t) + BA)2 € "

In this inequality we replace the left-hand side I'[t] by a lower bound which is derived
using the Jensen-type inequality above for the special choice a = k(t)+d, b = 2k(t) +d,
c1 =0, co = 00, p(x) = exp{—x}, f(¥) = % and g(x) = x. Since all assumptions are

fulfilled some algebra yields :

e (KO+d) (1 — e#c(t))?
k(t) +d+1—e*® (2k(t) + d+ 1)

L0, k(t) + d, 2k(t) + d] >
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Figure 5: Asymptotic variance functions v(t) — and v5M(t) - - - for a parameter
choice: a =1, 5 =0.457, A =1 and 0 = 2.

The next step is to show that the right-hand side of this inequality above is an upper

bound of ST Zalecfe 0oL o2kt

, 1.e.
e~ (kO+) (1 — efk(t))2 N k(t)e"® — (1 — d)(ek® — 1)
k(t)+d+1—e*® 2k(t) +d+1) — (d+ k(t))2ekt)+d)

After some lengthy, but straightforward calculations it turns out that this is equivalent
to

e PO (k(t) + 1 - ek(t))2 >0,
what now easily verifies (12) for all o, 5,\,0 >0 and V 0 < ¢ < 7. [ |

It seems that in general explicit expression for the asymptotic variance can hardly be
determined. For a special setting of parameters (o = 1, # = 0.457, A = 1 and 6 = 2
with P(6 = 0) = 0.44) a significant reduction of asymptotic variance especially in the
tail can be observed (see Figure 5). This is something one might have expected given
additional information provided in the model by the covariate Z. The behaviour of the
asymptotic variance strongly depends on the choice of the rates a, 3, A and the shape
parameter 6.

3.3 Leukemia Study (University of Ulm 1993)

Finally we present the analysis of data from a leukemia study carried out at the Univer-
sity of Ulm in 1993. In this study 80 persons with diagnosis of leukemia were examined
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from the date of diagnosis till death, recovery or other reasons which took them off
the study. A group of 39 persons was treated with a placebo drug while the remaining
41 persons received a leukemia drug. The covariate relapse-free survival time has been
observed in addition to survival and censoring time and it seems plausible, that this
covariate has effect on them. Since we aim at an estimation of the survival curve for
the population within the two groups to be able to predict survival probabilities for
patients with the same diagnosis, and of course the covariate is not known in advance,
the C'I M-model seems appropriate. We compute estimators er the survival function

F(t) using the KM-estimator F, *(t) and the C'I M-estimator F',,(t) with the covariate
relapse-free survival time. The examined data was of the form

X; = min (T},U;), 5; = { 0if 7 > U; = { 0 if Placebo-Group

Lit7T; <U; 7 1if  Verum- Group

The following short extraction gives a little insight to the data:

X; 6 Zj p;
43 0 22 1
52 1 1.7 1
54 0 25 0
6 0 26 1
6.1 0 38 1

The verum-group has a censoring proportion of 53.7% and the placebo-group of 58.9%.
Figures 6 and 7 show the estimates stratified by treatment.

We conclude from Figure 6, that if survival and censoring times are independent or
conditionally independent given the covariate Z, the estimators F,,"(t) and F,(t)
nearly reflect the same survival structure f0/1: the verum-group. For the placebo-data
(Figure 7) a significant difference between F,;"(t) and F,(t) can be observed. This
difference is due to the additional information taken into account by using the covariate
data.

Acknowledgement: We would like to thank Prof. F. Liese for drawing our atten-
tion to Cheng’s paper and for helpful comments. We also thank the referees and an
associate editor for their careful reading and suggestions which helped to improve the
presentation of the paper.
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Figure 6: F"(t) — and F,(t) — - — for Verum-data (o = censored observation)
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Figure 7: AF'ffM(t) — and f’n(t) — - — for Placebo-data (o = censored observation)
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